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Type theories

A lot of type theories...
e A Simplicial type theories [Riehl, Shulman], [Bucholtz, Weinberger],
[Gratzer, Weinberger, Buchholtz], [Pugh, Sterling]
e [ Cubical type theories [CCHM], [AFH], [Orton, Pitts], [ABCFHL],
[Weaver, Licata]
e & Type theories with propositional layers [Sterling, Harper], [Gratzer,
Sterling, Angiuli, Coquand, Birkedal]

Various implementations in rzk, Cubical Agda, redtt, cooltt, cubicaltt,
Arend, ...



Terms and Formulas

Terms (7))
I 2 p —iiVjiAj
Formulas (F)
PANY 9VY o= (i=0) (i=)



Ramified Contexts

Judgments
=0T |®,alAx:T7HJ
Judgmental Entailment

Z|0|AFY

| will write judgments as [ = J and entailments as " = 9.



Paths and Morphisms

7 Ii:IEM:7 [+ N : Path (Mg, M)
[+ (/)M : Path, (Mo, M) F=NO=Mo:7

7 i:2M:7
= {(i)M : Hom (Mo, M;)




Disjunctions of Formulas

NLi=0)FMy:7 T,(i=1)FM:7
L(i=0)V(i=1)Fcase((i=0).My,(i=1).M): 7

Systems [CCHM], [Sterling, Harper]

Join of compatible partial elements [Orton, Pitts]
Cases [ABCFHL], [AFH]

Disjunction Elimination [Riehl, Shulman]

=P Path.r(/\/lo7 Ml) N-aQ: Path-,-(/\/ll7 Mg)
[ F {iYcomp/(7[(i = 0) — My, (i = 1) — QQj](P@/) : Path, (Mo, M>)




Extension

*

MykEt: T
NyEM=t:r

CHing M {7 |9 — t}

Fr-r TTkEyY:F [ykt:T r=M:r
FrE{r|¢v—t}

e Extension types [Riehl, Shulman], [Gratzer et. al.]
e Extent types/signatures [Sterling], [Sterling, Harper]
e Extension of cofibrant partial elements [Orton, Pitts]

*This is a particular flavor of extension types.



Reconstructing Paths and Morphisms

ri:LG=0)FMy:7 T,i:L(i=1)FM: 71
Ni:L(i=0)Vv(i=1)F case((i =0).Mo, (i =1).M): 7
Fi:L(i=0)v(i=1)FM=case((i =0).Moy, (i =1).Myp): 7
Mi:ItinM:{r|(i=0)V(i=1)r case((i =0).Mp, (i =1).Myp)}
FEX:Tin M:(i:I) = {7 | (i=0)V(i=1)+ case((i = 0).Mo, (i =1).Myp)}

ri:T=M:r

Paths/Morphisms are implemented in STT [Riehl, Shulman] and cooltt with
extension types.



Extension Types

k7 TF¢:F Tokt:r
M- {r|¢w— t}

r=mM:r no,yk+t:7 TLWYEM=t:7T
M=ing, M {7 |9 — t}

Miny, O: {7 | — M} Fr-M:{r|v—t} TEYP
Fl—outf/}infﬂOEO:T r}—OUtEbMEt:T

Fr=M:{r|¢w—t}
FHinjouty M=M: {7 |9 — t}

Types do not have to be fibrant.



Disjunction Elimination

Fa1 Var Mot M7 Mo, =My : 7 Maj,aobF M =M, :
I+ case(ay. My, ap. M) @ 7

I'}—a,-
I+ case(a;.My, ap.My) = M; @

l'ForVa, TEM:T
Nt M = case(a;.M, an.M) : 7

l‘l—a1<—>ﬁl rl_()Q(—)ﬂQ Foql—/\/ll Nl. rﬁll_/\/b N2 T
I+ case(as.My, ap.Ms) = case(B1.Ny, B2.Np) = 7




Underlying Structure and Pattern

Type theories with decidable proof-irrelevant logics, extension types, and
disjunction elimination.

e Add an underlying term structure to a type theory T (I, 2, some
structured interval usually)

e Define a formula language F generated from equalities of terms and
close them under Vv, A (maybe other stuff too)

e Design new feature you wanted/Formalize desired mathematics.
e Wish you had an implementation ... :(



Example: bicubical directed type theory

VEp: I ViEqg:T VEp:I Vg1
Vipvg:l VEpAg:I

VEt:I Whks:I
Fl:cof FT:cof wi(t=5):cof F «; : cof

Vika:cof WVESG:cof VEa:cof VI fS:cof
Vi aVg: cof Vi aAf: cof
vt ¢ : cof
V= Vx;.¢ : cof




Implementing P

e Can we solve ¢ 97



Implementing P

e Can we solve ¢ F 9?7 Robust suite of decision procedures [Rose,
Licata].



Implementing P

e Can we solve ¢ - 1?7 Robust suite of decision procedures [Rose,
Licata].

e Can we typecheck a XEP with extension types and disjunction
eliminations?



Implementing P

e Can we solve ¢ - 1?7 Robust suite of decision procedures [Rose,
Licata].

e Can we typecheck a MZP with extension types and disjunction
eliminations?

Logic-agnostic



Implementing \*

Can we typecheck A\ with extension types and disjunction eliminations?



Implementation Framework for \*

Assume we have an oracle for ¢ |- 1) [Rose, Licata] and build a type
checker for \£.

r-n=mn ITEM:7
FrEM:m

A\£ has dependent functions, no universes yet.



Algorithmic Equivalence Checking

F>71<:>72 ifFI’PleTQ

I>Mes N:7ifflTEM=N: 1



FoagVay TEM: T
M = case(a1.M,an.M) : 7
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1n + congruence = disjunction extensionality

ot FM=N:T1
MaoEFM=N:71
FrEM=N:r1

M=o Vas

disj. ext.

a1Vap M =" case(a;.M, an.M) =°"8 case(ai.N,ap.N) =" N : 7

21



Disjunction Extensionality in Practice

loop : (x: 1) — {S* | (x
loop x : {S* | (x

)V (x =1) — case((x = 0).base, (x = 1).base)}
)V (x =1) — case((x = 0).base, (x = 1).base)}

out loop x : S?

0
0

(x =0) I out loop x = base : S?
(x =1) I out loop x = base : S?

(x =0)V (x =1) - out loop x = base : S*
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Previous Approaches

e Cubical Agda implements DeMorgan cubes and supports a restricted
form of disjunction eliminations in which a user can only write
formulas of the form r = 1 where r :=\/; A\ a; where each «; is
atomic [Vezzosi, Mortberg, Abel]

e cooltt implements Cartesian cubes and supports disjunction
eliminations via an underlying transformation of the cofibration
language (left inversion) [redPRL].

e rzk implements a simplified tope layer of STT and supports
disjunction eliminations via an experimental prover for the tope layer
[Kudasov].

We want to implement 7 with more expressive logics (bicubical).
Type-checking and logic can be separate components.

23



Type-directed Equivalence Algorithm

J}  many-step weak-head reduction (S-reduction)
[sMeN:r EMIM NN, Ts>M o N+,
and 7 is neutral
rcMe N:(x:m) = m(x) fhx:neMxes Nx:mn(x)

MNex < x1M(x)

Fe>pM <« gN T [M/x] ifTeps gt (x:m)— m(x)
andfTocM& N:mp

[Coquand], [Harper, Stone], [Harper, Pfenning], [Abel, Scherer], [Abel,
Coquand, Mannaa], [Abel, Ohman, Vezzosi]
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Extension Types

[+ outy(iny,(M)) — M
M outt, (M) — £ if Tk o

oM< N: {7 | t} if Touty (M) < outy(N) : 7

[Harper, Stone]
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Disjunction Extensionality

[ a1 F case(a1.M, ap. M) =
[, ap - case(a1.M, ap. M) =

[+ case(ar.M,ag.M)=M : 7

Mo Vas
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Naive Solution

MaoioMe N7
Ma>MeN: T

I>M& N: 7

M- o1 Vo
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Generating disjunctions

Given ' = M = N : 7, what are the disjuncts «; such that
NaiFM=N:7and 'V, o;?
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Generating disjunctions

Given ' = M = N : 7, what are the disjuncts «; such that
NaiFM=N:7and -\, 07

7 I out loop x = base : St

(x=0)V(x=1)FV," ? I out loop x = base : S!

(x=0)V (x =1) I out loop x = base : S!
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Generating disjunctions

Given ' = M = N : 7, what are the disjuncts «; such that
NaiFM=N:7and T\, 0;?

(x = 0) I out loop x = base : S?
(x = 1) I out loop x = base : S?

(x =0)V (x = 1) - out loop x = base : S!
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Generating disjunctions

(x1 = 0 ( xo = 0) I out loop x; = out loop x; : St
0) I out loop x; = out loop x; : S*

(Ca=0)Va=1)A0e=0F(u=0)V(a=1)

—
x
i
H
A
I\J
Il

(Ga=0)V (x1 =1)) A (x2 = 0) - out loop x; = out loop x, : S*
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Generating disjunctions

loop x : {S* | (x = 0) V (x = 1) > case((x = 0).base, (x = 1).base)}

(x = 0) - out loop x = base : St

=0V E=1E =0 =1 (x = 1) F out loop x = base : St

(x=0)V (x =1) I out loop x = base : S*
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Generating disjunctions

loop x: {S* | (x = 0) V (x = 1) > case((x = 0).base, (x = 1).base)}

(x = 0) I out loop x = base : S!

=0V E=1E =0 =1 (x = 1) I out loop x = base : S!

(x=0)V (x =1) I out loop x = base : S*
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Formula Guarded Reduction

case(p1- My, pr2.Mz) — (My, pi1), (Mo, p2)

OUtEp(M) - (t71/))a (OUtE/)(Ml)a/“)a e 7(OUt§/;(M/)Mu/) if M — M?,u
(Ax:7.M) N — (M[N/x],T)

MN\L(MI NaMl)a"'7(M/ N?,u/) IfM—}M,[,L

Intuition: Formula guarded reduction generates all possible disjuncts that
matter.

[Altenkirch, Dybjer, Hofmann, Scott]
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Formula Sensitive Equations

TEM:{r|¢Yv—t} TEHY

Fl—outf/}MEt:T

0 |—Oé,'
[+ case(ar. My, ap. M) = M; @ 1
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Updating Comparison at Neutral Types

— T is neutral
ISR Gl Vill,ui>M; < N: 1
r>cM<s N1
— 7 is neutral
NNy TEVY i oMo N
r>cM< N1

Ty isneutral oM< N1
F|>M<:>N:7'2
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Algorithmic Disjunction Extensionality

T is neutral
Vil,ui>o M < N: 1

rM>M& N1

IfT =V, aiandT,ai>M & N7, thenT>M < N: 7.

M—M,p TEV, p




Algorithmic Disjunction Extensionality

IfT =\, aiand T ,ai>M << N:7, thenT>M < N : 7.

Proof.
Induction on the derivations of I',a; > M < N : 7 with cases on 7.

e 7 is a neutral type. Then,

T is neutral

M= My TV, pi Vil o, pi>M; < N7

MNaoMsN:T

By induction on each subderivation, ', u; > M; < N : 7. Since
[, aj =V, uj for each i, we have I', \/; i = \/; ;. Since TV, i,
we have [ - Vij- Then, T>M & N : 7.

O



Algorithmic Disjunction Extensionality

IfT=V,ajandT,aj>M & N:7, thenT>M & N: 7.

Proof.

Induction on the derivations of I, a; > M < N : 7 with cases on 7.

e 7= (x:71) — m(x). Then,

Map,x:m>Mx < N x:m(x)

r,O(;DM<:>NZ(XZT1)—>TQ(X)

By induction on the subderivation, [, x: > M x < N x : 7(x).
Then, T>M < N : (x:71) = 72(x).



Formula Weakening

IfTFa:FandT>M<< N7, thenT,a>M<< N : 7

Induction on the derivation of > M < N : 7 with cases on 7.

e T is a neutral type.

T is neutral
Vi.r,,u,'DM,'@NZT

r>-Me N:r

M— M  TEN,p

By induction on the subderivation, I', puj,a> M; < N : 7. By
weakening, I',a = \/, . Thus, I,abM & N : 7.



Definition expansion for extension types?

ME V,',Ui vV
outfp(/\/l) — (t,w),outf/}(M),,u Fybtet:T
Vi.l, pjivout) (M) < t: T

Fpoutfp(/\/l) S trT
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Definition expansion for extension types?

M=V v
out,, (M) — (t, 1), outy (M), u NLyotest:r
Vil ,pi>outt (Mj) & t: T

M>out) (M) & t:7

rEM:7 Lykbt:7 TwEM=t:7
MEin, M: {7 | ¢ — t}

42



§ for disjunction eliminations?

case((xl./\/ll,ag./\/lg) — (/\/’1,0(1)7 (MQ,OQ) 1,01 D> Ml = Ml T
arFa; Vas a1, a0> My < My T

a1 Dcase(al.Ml,az.l\/b) S M7

43



§ for disjunction eliminations?

case(al.Ml.,ag.Mz) — (Ml,al), (Mz,Ozz) 1,01 D> My < My T
arFal Var ap, o> My <& My T

ay > case(ag. My, ap.Mp) < My - 7

lFayVay, TNoaogEM:r TaobEMy:m  [ay,anb My =M, o7
[+ case(as.My, ap. M) @ 7
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Formula Guarded Reduction 2.0 (digression)

> case(py. My, po.Mp) — (M;, T

)

> case(p1.My, po.Ma) — (M, p1), (M, p2)
[>outy (M) = (¢, T) fF-o

>(Ax: T.M)N — (M[N/x], T)

if T g

Theorem
IfTFa:FandT>M<< N7, thenT,a>M< N : 7

FI—\/,u,- Vi.r,,u,'DM,'@NZT
r-M<s N:7




Attempt at Formula Weakening (digression)

IfTFa:FandT>M& N7, thenT,aM < N : 7

F=V,pi  Vil,pi>Mi< N7
I>M& N: 7

—
Reduction is sensitive to formula weakening: I',a> M — M’ 1/. We
could try to prove that I', v, i > M/ <> M; : 7, and use transitivity to get
Moo, pui>M < N:T. O



Attempt at Transitivity (digression)

IfToM&N:7andT>N& O: 7', thenT>M& O: 7.

I'I—\/,.p,- \V/I'.r,/j,;DM,'@OIT
r>M< O:7

>0« N: 7

Need I', ;> O < N : 7 to apply the induction hypothesis. O
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Symmetry and Transitivity

case(p1.Mu, po.Mp) — (M, p11), (M, o)
outy, (M) — (t,v), (outy (M1), p1), - - -, (outy,(My), 1) if M — M, pu

1. fTbcM& N:7andT>N<< O: 71, thenT>M & O : 1.
2. lIfT>oM& N:7, thenT>N& M: 7.

Lemma (Type Conversion)

1. fTocM&eN:7,TFr=7", thenToM& N: 7.
2. IfTep+r g7, thenTop+ gt 7 withlT=7=7".

[Abel, Scherer], [Abel, Coquand, Mannaa]



Commuting Conversions

C =] | MC | outy,(C)

> Clcase(ay. My, an.Mp)] < case(ay.C[My], aa. C[M2]) = 7

Proof.

Formula guarded reduction reduces both sides to
(C[M1], o1), (C[M2], a2). For example:

case(al.Ml,ag.l\/lz) N\I,(Ml N,Oél),(Mz N,Ofg). ]



LetTEM:7andTE=N:7. IfT>oM& N7, thenTEM=N:rT.

Lemma (Subject Reduction)
IfT=M:7and T =M — M, pu, then, for all i, T',u; = M= M; : 7 and
[ opi =M.

Logical relation in the style of [Abel, Ohman, Vezzosi], [Abel, Coquand,
Mannaa].



Completeness

IfTEM=N:7,thenT>M& N :T.

Second logical relation.

(VA <T)AFM: 7 = AlFn(M/x))
(VA<D)(AIFM=N:7 = Al n(M/x)=1(N/x)) o

Mk (x: 1) — m2(x)

Fr-v:F Tk TYlkt:n
Ext
MEnfy —t




Completeness

o If [l 7 by I then
o TEM=N:(x:1)— m(x)iff
FNeEM:(x:mn)—=m(x), TEN:(x:7)— m(x), and
FrEM:=N:(x:m)—7n(x), TEM: LM :(x:m)— m(x),
FE=N:: N (x:71) = 72(x) and for all A <T,
AlFv:m = AlFMv=Nv:n(w/x).
e If [l 7 by Ext then
o TIFM=N:7[p — ¢ iff
FrEM:LM rfp—t], TEN LN 7y = t], TIEM:7[p — t],
FlEN: 7 — t], T IFouty (M) = out},(N') : T and
FrEM:=N:7[¢p — t].
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e Proving completeness of optimized formula guarded reduction and
adding in universes (preliminary version available in my master's
thesis).

e Robust implementation of A\* that supports user-defined logics.

e Extending this work to coproducts.
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Thank you! Questions?



Mz:mk M(z)/x] = N(z)/x]: 7
M z:mbE Mw(z)/x] = N[u(z)/x]: T

= Mip/x] = N[p/x]: T

I'}—p:71+72

(5(p)(X1 o ’7'1.N1,X2 5 T2.N2) \I,
(N1[z/x], p =% 01(2) : 71 + T2), (N2[z/x], p :=7T2 12(2) - 71 + T2)
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Composition and Higher-Dimensional Paths

comp : (M : 7;[])(N : 7[(i = 0) - M@OQO]) — 7,[M@0, N@1]

"~
. Ve~

RO RO
1
je}
o
po:

[Zhang]
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Extension

comp/(7[(i = 0) v (i = 1) — [(i = 0) = My, (i = 1) — QGj]](P@i)

e Formula: (i=0)V (i=1)
e Type of functions out of formulas: (i =0)V (i=1) =7

e Type of terms of 7 defined on the extent of (i =0) V (i = 1):
T[(i=0)Vv(i=1)—t]
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